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On Theta-Functions with Complex Characteristics. 

By Thomas Craig, Johns Hopkins University. 



Prym in his memoir " Untersuchungen uber die Riemann'sche Thetaformel 
und die Riemann'sche Charakteristikentheorie " considers characteristics 

\hi 4, . . . h p J 
where the quantities g, h are any constants instead of being as usual integers. 
If the quantities g and h are rational fractions with a common denominator, say 
r, then it is shown that there are in all r 2p different functions. Krazer in his 
Habilitationsschrift considers the problem of finding the relations connecting 
these r^ different theta-functions, limiting himself however to the case of p = 1 , 
r = 3. In what follows I have just begun, a study of the theta-functions corres- 
ponding to the case of a characteristic made up of complex quantities. I have 
called the functions E-functions to distinguish them from the ordinary theta- 
functions when the characteristic is made up of integers. 

The theta-function of p variables is defined by the equation 

where 

+ \ni{ (m + ?!)(»! + \) + . . . + (n„ + l p )(v p + \) } 
and (*) denotes the constants 

d\l &12&13 • • • dip 
^22^23 • • • ®2p 

cigg . . . a 3p 



& p p . 



It will be understood of course that a ra = a sr . 

In the case of the theta-functions the characteristic 

'it 4 • • • 'p 



(n> 4 > • • Ip \ 
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may be made up of positive or negative integers, but, as a matter of fact, I and h 
are always made equal to either zero or unity. In what follows I propose to 
examine the functions for which I, /I are complex quantities, say 

l r = a r + ib r 
/\, r =a r + i(3 r , 
and particularly the cases when a, b, a, /3 take the values zero and unity, and 
also when a r + ib r and a r + i(3 r 

are conjugate complex quantities. I will denote the functions under consideration 
by the symbol E, that is 

W, \ . . . \J y *' % pJ * \»i + /ii, «» + a, . . . v p + \; 

It will be understood in all that follows, when the symbol E is used, that 
the letters I and Jl denote complex quantities, and when $• is used that they 
denote positive or negative integers, or, as usual, simply zero and unity. The 
convergency of the E-functions is secured as in the case of the 3- functions: 
"the parameters a rs may be real or imaginary, but they must be such that 
reducing each of them to its real part the resulting function (*$%, n 2 . . . n P Y is 
invariable in its sign, and negative for all real values of n r '\* I will assume at 
once that a r , b r , a r , (3 r = or 1 ; the total number of H-functions is now easily 
found. Denote by (a, a) the entire set of a's and a's, and by (b, /3) the entire 
set of b's and /3's. Assume first that (b, /3) = and give (a, a) all possible values 
made up of and 1; we have then 2 Zp , or 4 P functions. Now give (b, /?) all 
possible values made up of zero and unity, while (a, a) = 0, and we have again 
4 P functions, so that finally we have as the total number of E-functions (4 y ) 2 or 
4 2p . Thus the total number of j)-tuple E-functions is equal to the square of the 
total number of ^-functions. For example : 

Total number of *-f unctions. Total number of H-functlons. 

p= 1 . . . 4 16 

<p— 2 . . . 16 256 

p = S . . . 64 4096 

^ = 4 ... 256 65536 

etc. . . . etc etc. 

p=p . . . 2 2p 2 ip . 

* A Memoir on the Single and Double Theta-Functions, by A. Cay ley (page 899), Phil. Trans., 1880. 
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For the case of p = 1 the S-characteristics are as follows : 

«) ti) (?) (!) 
G). G +i ) G) G +i ) 
(?) (0 (?+,-) Ci + ,0 
G) G +i ) G+0 GiO 

In order to form the characteristics for the case of ^> = 2 we have only to 
combine the following two tables, the first of which corresponds to (b , /?) = , 
and the second to (a, a) = , 
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We have then for the H characteristics in the case of p = 2 the following table : 
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If the elements of the characteristics are conjugate imaginaries, that is, if 
we have a r +i/3 r =a r — ib r , the total number of B-functions for any given 
number of arguments is equal to the total number of theta-functions for the 
same number of arguments, i. e. in the case of £>-tuple functions if the character- 
istic is (a x + ib lt a 2 + ib z . . . a p + ib p \ 

\ai — ibx, Oz — ib 2 . . . a p — ib p J 

(where a, b take the values zero and unity), we have A p B-functions. For p = 1 
the characteristics are 

a),G>a>G±:> 

for p = 2 they are 

/0 ON /0 IN /0 i\ /0 l + i\ 
\0 Oj' \0 1/' \0 —ij' VO 1 — i) 

(l oj' (l l)' (l — ij' (l 1-i) 

( i ON / i IN / i i\ ( i 1 + i\ 
\ — i o)' \ — i 1/' \— i —ij' \ — i 1—iJ 

/l + tO\ /l+tl\ (l + i i\ /l + *l + t\ 
VI — i 0j' \l — i ij' \l—i —ij' \l—i 1 — iJ- 

If in the function „/L\, \ , n 

u, \^ r A Vr ^ r ' ' * ' '*' 
we change l r into l r + 2y r , where y r is an integer, there will obviously be no 
change in the value of the function. If, however, we change X r into \+ 2x r , 
where x r is again an integer, we shall have as the new linear term in the expo- 
nential 1 7ii \ {n x + l^{v x + K + 2x 1 ) + . . . + (n p + l p )(v p + % p +2x p )\, 
which differs from the original term by the quantity 

niZn r x T -\- 7iiZl r x r , r = 1, 2, . . .p. 
The term 7tiXn r x r is, since n is even, an even multiple of iti and so produces no 
change in the value of the function ; the second term niZl r x r causes the function 
to be multiplied by the factor ( — y- lrXr , that is, we have 

■>■ B (U2:)w=(-) st - 3 (i)W' 

since l r = a r -f ib r = , say, A T e l * T , this may be written 

On the assumption that a and b are each either zero or unity the modulus of I 
is either 0, 1, or V 2, so that in the sum Xx r A r e i ' 1 "' each term is either 0, xe** or 
xy^e**, and therefore the factor ( — y**-*** 1 ' m the preceding equation takes in 
all 2 2p forms ; these are not all distinct and only one of them makes the factor 
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= 1 , viz. when all the moduli A are = . Since the four possible moduli of I 
are J. = 0, 1, 1, \/2, it would appear that the total number of independent 
values taken by ^x r A r e i4 " is equal to Z p . Among these 3 P quantities a certain 
number would seem to be repeated two or more (always an even number) of 
times to make up the 2^ values of Xx r A r e i4 "~. It is easy to see that the total 
number of values of this quantity which do not seem to be repeated is equal to 
3^-2 2 2 (for p > 2), and so the total number of values which are repeated is 

3*>_ 3*-2.2 2 = 3 P_!! .(3 2 — 2*) = 5.3 p -\ 
The moduli having the above values it is easy to see what the corresponding 
arguments are, and so to show that the above conclusions do not hold. Take 
the element I, = a + ib. This may also be written Z = Ae**; suppose now that 
a = and 6 = 0, then A = and $ is indeterminate, but since in this case the 
term xAe** vanishes, it is unnecessary to consider <p at all. Suppose next that 
6 = and a = 1 , then we have at once $ = , or In ; now let a = and 6=1 

7T It 

and we have <£>=—; finally if a = 1 and b = 1 we find <p = — . 

Take as illustration the case of the double B-functions where the character- 
istic is /?! ^ "\ = (<h + ibi <h + *A "\ . 

Ui V — Ui + *ft a 2 + */3 J ' 
the quantity to be examined is 

(—yw^'+W^ say (_)«. 

now ^ takes 16 values, these are 

(a 2 =0,6 2 =0j (as;=l,6 2 =0j 

|« 8 = 0,6 8 =lp 1<e la 2 =l ! 6 2 =lj a:2V2 - e 

j: : =j :6 s ;=;jx,i. e »+„.i.,«f {;=i:S|=?Ki.'+^.. ,i 

fa,= 0,i,= ll . <} fo 1 =0,S 1 =ll_ i „<f+- , M 
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0, « 2 , ix % , a; 2 (l+*)> 

Xx, «i+ a: 2 , Zi + MSjj, a; 1 + a- 2 (l + i), 

t'ai, ia^-fa^, ixx + ixz, ix x -\- x % (l + i) , 

x x {l + «), a x (l + i) + ccg, x x {l + i) + &c 2 , ^(l + i) + a^(l + i)- 
The entire 1 6 values of R are all different, the one from the other, and also, in 
the general case, the entire 2 ip values are all different, one from the other. 
From these values of E we have, since ( — )* = e 

1 , (-)**. 

/ \*i I \*i+*a 

g— a;,ir / }*« g — ^i* 

/ ) x ',e~ * ,,r ( V^i + a; a) i g— *i"' /" 

From this we see that the factor ( — y xrA * e ' is always either +1, — 1, or 
± e - **, where & is an integer. In the case of the double H-functions there are 
thus 16 functions which only change sign by replacing in the characteristic % by 
X+ 2x, and so in the jp-tuple H-functions there will be 2^ functions which will 
at the most only change sign by replacing a, by Jl + 2x. These functions of 
course correspond to those values of the characteristics in which all of the J's 
are made zero and the a's take the values zero and unity. When this happens 
the B-functions become the ordinary theta-functions. As the equation 

"• s (u*)W=H""-"'-s(i)W 

can, by virtue of the factor ( — ) 2 * r Ar ' i *"' only take 2 3i> different forms, and as in 
2^ of these the factor becomes either + lor — 1 there remain 

2 3 p — 2^= 2^(2^ — 1) 
cases in which the factor becomes = zfc e~ k ' T , a constant whose greatest value for 
h positive is e~", or ( — )*. 

For the theta-functions the quantities I and a, reduce to their real parts a 
and a, and further, a and a are integers. Observing this fact and also the fact 
that the summations with respect to n lt w 2 , n s . . . extend from — oo to +oo , we 
readily find the number of even and odd theta-functions, that is, the number of 
functions which are not altered by changing the arguments v x , v 3 . . . v P into 
— v lt — v % , . . — v p . The determination of the number of odd and even theta- 
functions is made to depend upon the fact that in the exponent of the general 
term of the series we can change n + I into — n — I, where of course I is a real 
integer. In the present case such a change obviously cannot, be made, since I is 
a complex quantity, viz. l = a -j- ib. It seems as if a formula of transformation 
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ought to be found which would represent the result of changing v into — v, and 
which would reduce to the corresponding formula for theta-functions by making 
b and ft each zero, but I have not been able up to the present to hit upon it. 
I have found two methods of transforming the H-functions, so that when the 
elements of the characteristic reduce to real quantities (integers) the corres- 
ponding theta-function formulas are obtained. I shall only give one of them in 
what follows, viz. the one which, on making the b's and ft's all zero, will give all 
of the corresponding formulae for the theta-functions. The H-function is defined 
by the equation 

« = — 00 

The n's are of course all even, and a single summation sign is used simply for 
brevity. As above we have l-=.a-\-ib and X =a + ift, with the above restriction 
(which is at first not necessary) that a, b, a and ft take only the values zero and 
unity. Now remembering that 

ex P- (£+ £)= ex P-(j(*K+ ?!, ft a + ? a . . . n p +i p y 

+ "2 **' X) ^ + lr ^ Vr + ^ I ' 

r = l 

and remembering that the summation with respect to n is (for even integers) 
from — oo to -j- °° , we can change n into — n without altering the value of the 
function. We now seek the value of the function 

Changing n into — n the exponent of the general term becomes 
t(*I~ ft! + (- 1 + ih) h , . . . - n p + (- 1 + ib p ) l p f 

+ ini{[—n 1 + (-l + ib 1 )l 1 -]l-v 1 +(l + iftM+... 

+ [-*» + (- 1 +#*)y [-»„ + (! + *&)*»]}, 
or 

|(*H + (1 - ibjh, . . . n p + (1 - ib p )l p y 

+ i»i o, + (i - aoy bi- (i + w*j + • ■ • 

+ [n p + (1 - «,)*»] [», - (1 + i&)\] }. 
Expanding this and subtracting from the original exponent 



r=p 



—(*$«! + k , . . . n p + l p y + -g-Ttt ^ (ft r + l r )(v r + 2, r ) , 



r = l 
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we have, after some simple reductions, 

-^-27*- 2»2nA + 2?(l - ttrf + i221 r b r (n*+ Q -227 r 7AM 
+ 4 tw{ 2 (2 + %p r ) n r \ + iXb r l r v r + 2 (2 + »0 r — »& r + fe r ft.) 7 r \ \ , 
the summations extending from r = 1-to r=.p and in the double summations 
the values r = s being excluded. Write this as 
15. |4> r + J7W'P ri ; 

if now we make b — /? = we have 

<E> r = and * r = 22« P a r + 2Xa r a r , 
which is the corresponding quantity for the ^-functions. We have now for the 
H-functions the relation 

B(^|+^)(-»,) = E(^)W.e,p.H* r+ \ni%\. 
Making b — (5= in this and we have, replacing E by ©, the well-known formula 

17. e( a i a * • • • M(— Wl , — q, . . . _ v ) = (_)*«-©(' «i«* • • . a>\, x 

VaxOj . . . a y / v * v> \ i \a!a 2 ...a i ,/ v x ' 2 p/ 

Another and rather more general form is obtained by changing 7 into ( — 1 +ib)l, 
X into (1 + i(3)h and « into (— 1 + i(3)v. The quantity called 4> P above under- 
goes no change, but we have, calling *P r the new value of *P r 

18. <P r — iX(3 r n r v r + 2(2 + i(3 r ) n r \ + 2 (ib r + ip r + b r ^ r ) l r v r 

+ 2(2 + i(3 r — ib r + b r (3 r )l^ r , 
and 

19. *; — <P r — i2{3 r n r v r + 2 (»& + 6 r ft) l r v r + 2i26 r 7A , 

every term of which vanishes when 7 and % are real. The quantity \Q r may be 
written 

20. |<D r = — 42«A - i 2U 2 - *2£6J + |227A (n. + 7,) - \X2l r l,b r b s ; 
since » is an even integer write « = 2&, then this is 

21. = - iZkA-TiZbJl - \nib\ + |227A(2&, + 0-t22WA; 

again since 7>= or 1 the first term of this becomes a real multiple of i, and 
the remaining terms become quantities of the form M + iN, where M and JVare 
real and of the forms p, -^-. -j-» where ^, v and p are real integers. Similar 

remarks might be made concerning % , but, for the present, it is not necessary 
to consider this quantity We may make one further transformation similar 
to the above and to the corresponding transformation in the case of the theta- 
functions. For simplicity take the function 

22- S (a!+ifr! aJ-H/O^' ^ = 2S exp - tK«u. «u. «2 2 K+«i+*i. «2+« 2 +»A) 8 

+ T«»i («i + «i + *'7>i)( v i + a x + ift) + (n 2 + Oj + $ 2 )K + a 2 + *&) }] . 
vor.. vi. 
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Now we can change n x and « 2 into — n x and — n % without altering the value of 
the function ; make this change and also change \ and \ into — \ and — ? 2 and 
Vi and v 2 into — v x and — v% . We have then to find the value of the function, 



B Ct _ £K-'..-'*>' 



The exponent is, on changing n into — n , 

t(*X— n i~ h, —%— lif + \ni{ (— «i — ?i)(— % + a.j) + (— n 2 — 4)(— v 2 + \) l 

The quadratic term is unaltered, but the linear term becomes 

\ni\ (n, + k)^ + ^) + (n, + ? 2 )K + a,) } - *»i (»i + h)** + ("t + 4) a* I ; 

this differs from the original exponent by the term, 
23. — ni (n^! + n^) — ni (k\ + \ \) , 

say, 

23'. — TtiiV— TttX . 

Make now n = 2k and give /Ij and \ all their values : these are 

Aa=0, 1,», l + », 
a,= 0, l,i, l + »; 
then all possible values of N are 

0, 2&2, 2i& 2 , 27c 2 + 2i&;, 

27^, 2Z,- 1 +2& 2) * 2^ + 2^, 2^ + 27^+2^, 

2*'7<; 1 , 2^+2^, 2^+2^, 2ik 1 + 2^ 2 + 2& 2 , 

2^+2^, 2& 1 +2& 2 +2i& 2 , 2^ + 2^ + 2^, 2^ + 2^ + 2^+2*^. 

(Notice in forming this table that after writing down the first line and first 
column all the remaining terms are formed by combining them : viz., the second, 
third and fourth elements in the second column are obtained by adding the first 
element in this column to the second, third and fourth elements in the first 
column respectively, etc.) . The exponential thus takes one of the values, 
25. +1, e 2 ™, 

where * is a positive or negative integer, when a, reduces to its real part or 1 
this exponential is = + 1. There are in all 256 different values of L, 16 of 
which for I and a, = 0, 1 , make the exponential e ~ iri{ll ^ + hk,,) equal to ± 1 , ten 
values giving + 1 and six values giving — 1 . We have finally 

= (_)M, + M a22(1 )M,+M, exp. H («u. « 12 , «*+ h. n z + Jtf 

+ 1 ni [(n, + 4)K + **) + («i + 4)(^ 2 + X,)] } . 
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For the general case we have obviously 

27. h (~£ ; ; ; ~^)(- «* - »,) = (-)^ v s ...2(1 ) 2 ^ 

X exp. { 4 (*K + ?i , . . . Wj, + ? p ) 2 + 1 7ti2 (w r + l,)(v r + \) I . 

For^?=2 write 4^i+ 4^2 = ^J the entire set of values of <r are given in the 
following table : 



28. 


























1 
i 


i 
— 1 


1+i 
-1+i 




A 






A 




A 


1+i 


-1+i 


2i 






















1 1 


1 


1 


i 


i i i 


1+i 


1+i 1+i 1+i 




A 




1 2 
1 1+i 


1+i 




2+i 
i 


i 
i 


1+i 2i l+2i 
2i —1+i -l+2i 


1+i 
1+i 


2+i l+2i 2+2i 
l+2i i 2i 








1 2+i 


i 


l+2i 


i 


l+2i — l+2i U 


1+i 


2+2i 2i l+3i 








i i 


i 


i 


—1 


— 1 —1 —1 


—1+i ■ 


-1+i —1+i —1+i 




A 




i 1+i 
i 2i 


2i 

-1+i 


l+2i 
-l+2i 


—1 
—1 


—1+i i 
—1+i —2 —2+i 


-1+i 
-1+i- 


i — l+2i 2i 
-l+2i —2+i — 2+2i 








i l+2i 


— l+2i 


3i 


—1 


i -2+i — l+2i 


-1+i 


2i — 2+2i — l+3i 








1+i 1+i 


1+i 


1+i 


-1+i 


-1+i -1+i —1+i 


2i 


2i 2i 2i 








1+i 2+i 


l+2i 


2+2i 


-1+i 


i — l+2i 2i 


2i 


l+2i 3i l+3i 




A 




1+i l+2i 


i 


2i 


-1+i 


— l+2i —2+i — 2+2i 


2i 


3i — l+2i — l+3i 








1+i 2+2i 


2i 


l+3i 


-1+i 


2i — 2+2i — l+3i 


2i 


l+3i — l+3i 4i 



The spaces marked A are to be filled up in the same way as the upper left- 
hand corner space (each of the sixteen spaces is seen to be symmetrically 
arranged, and also the entire group is seen to be symmetrical). There are in 
all only 19 different values of cr, viz. 

0, 1, 2, —1, —2, i, 1 + i, —1 + i, 1i, 2 + i, —2 + i, l + 2i, 
— l + 2i, Si, 2+2i, 1 + 3*, — 2 + 2i, —1 + Si, 4i. 
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The number of times that each of these appears is 




1 
2 

— 1 

— 2 
i 

l+i 

-1 + * 

2i 

2 + * 



number of times 



51 


— 2 + i 


14 


1 + 2* 


1 


— l + 2i 


14 


Zi 


1 


2 + 2i 


36 


1 + 3* 


32 


— 2+2* 


32 


— 1 + 3* 


26 


4* 


4 





number of times 



4 
10 
10 
4 
4 
4 
4 
4 
1 



making the proper total of 256. The above formula of transformation is more 
convenient when written in the form, 

29. n(~^ ; ; ; ~l P ){- «*,...- «,) = (-r A -2 . . . 2(-) 2 »^ 

X exp. U(*K + ? i. • • • S + l pf + kniX{n r + l r )(v r + \) \. 
The values (for p = 2) of «i?! + n^ are of course obtained by replacing ~k x 
and ifcj in (24) by n x and %. We have then for m^ + «<s4 tne table : 



z,zzo, Za=o 
o 



Zi = l, Za=o 

w, 



Z, zz i, Za zz 



Z, = 0, h = l 

Ha 



Z.zzl, U=l 
Wi + w a 



Zi zz i, Z a zz 1 

Wi + Wa 



30. 



Zi zz 0, Za zz % 

m 3 



Zi zz 1, Za zzi 
Wi + Wa 



Zi zz i, Uzzi 

ttti + Mia 



Z, = 0, Zazzl + ) 
Wa + «Wa 



Z, zz 1, Za = 1 + 1 
Wi + Wa + Wa 



Zi=t, Zazzl + j 
Wi + Wa + «a 



Z, = 1 + i, I, zz 








I, zz 1 +t, Za zz 1 
Wi + Wa + Wa 








Zi zz 1 + i, Za = i 
Wi + Wa + Wa 








Zi zz 1 + i, Za ZZ 1 + i 
Wi + Wa + Wi + Wa 



The upper line in each block gives the values of 4 and \ , and the lower line 
the corresponding value of «i^+ n^. 

For greater convenience, table (28) may be presented in the following form. 
Bach square contains all of the values of ? 1 ^, 1 + \\ corresponding to the values 
of ?i and 4 written above the square. 
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31. 



*i=0, 


Z 2 = 




1, = 1, 


h=o 


?! = i, 


Z 2 = 


^i = l + *, h = o 
































1 


1 


1 1 


i i 


i i 


1+i 1+i 1+i 1+i 








i 


i 


i i 


—1 —1 


— 1 —1 


—1+i —1+i —1+i —1+i 








1+i 


1+i 


1+i 1+i 


—1+i -1+i 


—1+i — 1+i 


2i 2t 2i 2i 


*i = 0, 


h=l 




h = l, 


J 2 = l 


?! = i, 


h = l 


Zjzzl+i, l 2 = l 


1 


i 1+i 





1 


i 1+i 


1 


i 1+i 


1 i 1+i 


1 


i 1+i 


1 


2 


1+i 2+i 


i 1+i 


2i l+2i 


1+i 2+i l+2i 2+2i 


1 


i 1+i 


i 


1+i 


2i l+2i 


—1 


—1+i i 


—1+i i — l+2i 2i 


1 


i 1+i 


1+i 


2+i 


l+2i 2+2i 


—1+i i 


— l+2i 2i 


2i l+2i 3i l+3i 


*i = 0, 


l 2 = i 




»i = li 


h=i 


?! = i, 


h = i 


li = l + i, Z 2 = i 


i - 


-1 —1+i 





i 


— 1 —1+i 


i 


—1 —1+i 


i —1 —1+i 


i - 


-1 —1+i 


1 


1+i 


i 


i 2i 


—1+i — l+2i 


1+i l+2i i 2i 


i - 


-1 —1+i 


i 


2i 


—1+i — l+2i 


-1 -1+i 


—2 —2+i 


—1+i — l+2i —2+i — 2+2i 


i - 


-1 —1+i 


1+i 


l+2i 


i 2i 


—1+i — l+2i 


—2+i — 2+2i 


2i 3i — l+2i— l+3i 


*i=0, 


h = l+i 


h 


= 1, 


? 2 = l + i 


h=h 


h = l + i 


^rrl + i, l 2 = l + i 


1+i 


—1+i 2i 





1+i 


—1+i 2i 


1+i - 


-1+i 2i 


1+i —1+i 2i 


1+i 


—1+i 2i 


1 


2+i 


i l+2i 


i l+2i - 


-l+2i Si 


1+i 2+2i 2i l+3i 


1+i 


—1+i St 


i 


l+2i 


— l+2i 3i 


—1 i 


-2+i — l+2i 


—1+i 2i — 2+2i — l+3i 


1+i 


—1+i 2i 


1+i 


2+2i 


2i l+3i 


—1+i 2i - 


-2+2i — l+3i 


2i l+3i — l+3i 4i 



A simple case which might be considered is when lis a real integer, as in 
this case the factors ( — ) 2n * all reduce to unity, and the Vs in the characteristic 
may obviously be written with the plus sign. 



Periods. 

We may still, for simplicity, continue to deal with the double H-functions, 

as the general properties which are being studied are capable of immediate 

generalization to the case of ^-tuple functions. From the definition of these 

functions we see at once that if x t and x % denote any two integers we must have 

s Ci i) {Vl +<*.*+*) = s d + Xl \ + Jfr - O . 



32. 
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that is, the effect of altering the arguments v x and v % by the addition of the 
integers x x and x% only interchanges the functions. If, however, we write 2x x 
and 2x % instead of x x and x % we have 

3s - s (i *>+ *■ "•+ *■*>=*&+** £+*>» "•' 

or from equation 7, 

34. E(^ ^K+2^, % + 2^) = (-)^'+^H(^ y^, t> 2 ) 

and the factor ( — ) , « a, i+ , «*« has been shown to be either 

+ 1, -1, + <r* T , -e"* T , 
where 1c is an integer ; so the function is either unaltered, altered in sign, or 
multiplied by one of the constants =fc e~ kT . The cases where there is no 
alteration or at most a change of sign, correspond to ^ and \ real integers. If 
we replace x x and x % by 4a^ and 4a^ respectively, x x and x 2 still integers, we have 

35. H (^ £)(*+ 4x a , t> 2 + 4x,) = (-y<h«+h"*B (^ ^) K , «b) . 

The factor ( — )*(*i*i+ I » a! »> is in this case either + 1 or e~ ilc ", where h is an integer. 
There is thus in the case of the E-functions no period in the ordinary sense of 
the word, those functions only possess a period for which \ and \ are real. 
There are 64, = 2 6 functions which have periods, and 192, = 2 8 — 2 6 which are 
multiplied by the above factor ; in general there are 2 3p functions which possess 
a true period and 2 33> (2 P — 1) functions which are multiplied by an exponential 
factor. The quasi-periods are obtained just as in the case of the theta-functions, 
and to show their existence I shall merely reproduce, with the necessary changes 
of notation, Prof. Cay ley's proof in § 10 of his memoir. Taking x x and x 2 
integers, we consider the effect of the change of v x , v 2 into 

Vi+— T{a n xx + a n Xi), v i +-r(a 12 x 1 + a 22 x i ). 

Starting from the function 

we have for the argument of the exponential 
t(«u> «i2» <hefoh. + k — «i» % + 4 — ^if 

+ |to Urii + h — x x )(vi + X X + ^-(«n»i + a n Xv) J 

+ (« 2 + 4 — x>)(yt + ^2 + ^■( a i2 a; i + «»«%)) J ' 
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this is 

t(«u. «m. «»K + i, «« + 4) 2 + t™((«i + ^)(^1 +*i) + {*» + k)fa + ^2)) 
(the original exponent) + other terms which are as follows : viz. they are 
— K«n. «i2. <%)K+7i, %-W»)(asi, ar 2 ) +\\{n 1 +l^(a n x 1 +a n x^ + {nz+l i )(a n x l +a ii x^\ 
+ t («n . «i2 . «22$a:i , « 2 ) 2 — J 7» [xj (v x + XO + a: 2 (v 2 + A,)] 

— - 2 - [«i(an£Ci + a^) + x 2 (a 12 a; 1 + o^as,)]. 
The terms in the right-hand column reduce at once to 

+ t(«ii> ai 2 , 022^+4. % + 4$»a, »») 
— 1 5tt [a, (% + ^) + <r 2 (%+ X,)] 

yL a u> a 12) ^221*1) ^2) • 

The original exponent is then increased by the terms 

— 1 (a n , a n , a^Xi , x 2 f — i 7tt [a* fa + \) + a* 2 fa + A,)] , 
which are independent of n x and n 2 , and they thus affect each term of the series 
with the same exponential factor. The result is 

S Gi Xl ' £ J V 1 + Id ( a ' u ^ + ai2 x *) ,v *^~ri ( an Xl + °* X2 V 
36. 

= exp4 — J (a u , an, Unfa, x i f—^ni[x 1 fa+X 1 ) +x 2 fa+X 2 )] }H Q £ J fa, %) ; 

or what is the same thing, replacing l x and l % by Zi+a^ and 7 2 +a? 2 (this change, 
since x 1 and cc 2 are integers, only alters the real part of l x and 4 and so is 
admissible), 

HQ' .[ )(S+ t^ ^ 1 + ai2:r2 )' V2+ ~ri( anXl + ""^ 
37. = exp. I — \ (a n , a, 2 , a n \x x , x 2 ) 8 — } ?ri [as, fa + \) + x, fa + A,)] I 

*U a 2 ;^-^)- 

If a^ and a; 2 are even, say 2x x and 2« 2 , the function on the right-hand side of this 
equation becomes, 

3s - s G, +2 *" i + *■*>. *>• = s (t !">• *")• 

but the exponential factor still remains. The formulas show that the effect of 

changing v x and v 2 into 

1 1 

v i + -zr ("u^i + a i2 x 2) ' v 2 + ~ ( a i* JB i + ^2*2) » 
where a^ and a% are integers, is to interchange the functions and to affect each of 
them with an exponential factor ; and we niay say, as in the case of the 

^-functions, that —r(a u , a n ), -^-(a n , a 22 ) are conjoint quarter quasi-periods. We 
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may also say that the 3-functions have the quarter-periods (1 , 1), the half-periods 
(2, 2) and the whole periods (4, 4), understanding that only those functions are 
truly periodic for which the Vs are all real, i. e. for one case all zero or unity. 

The Product-theorem. 
If we multiply together two theta-f mictions, say 

we have, for the result, the sum of four products of the form, 

©(f(W)+A. W)+bW 2Vi y Q (l&-WPi, *G-W*W 2 ^), 

\Aj "TAi, A2 T" A 2 /* \ Aii — A j , A 2 A 2 / 

where p x and p % take the values and 1 , and where is written to denote that 
On, a n , a n are replaced by 2a u , 2a n , 2a n . The proof given of this theorem is 
wholly independent of the nature of \ and l % and so holds for the case of the 
double B-functions. Using here £ to denote that the parameters a n , a n , a 22 have 
been changed into 2a u , 2ai 2 , la^ we have 

\ Aj tA], A2T/.2 / \ Aj Ax, Ag A 2 / 

+«a ( ^ +i, tw +, >^a ( i^ +i, K ,)+ >j 

the arguments t> x + v'x, ^ — ^1 are written for brevity instead of (vj + «/ 1( i> 2 + i/ 2 ) 
and (»j — tf lt v % — v' 2 ), and similarly on the right-hand side of the equation one 
argument only is exhibited. 

In order to develop the results it would be necessary, or at least desirable, to 
form two tables, one giving all the values of the upper line of the new character- 
istics, and the other giving all the values of the lower line of the same. This is 
what Prof. Cayley has done in his memoir on the double theta-f unctions. The 
tables are so long, however, that I do not give them here, particularly as their 
application to form a complete product table for the double B-functions would 
give an exceedingly long table. There are in all 2 16 (in general 2 8p ) different 
products in the case of the double B-functions ; these consist of a square-set of 
256 (= 2 4p ) products and 255 other sets, each containing 256 products. Using 
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suffixes for a moment to denote the different E-functions, we define a square-set 
as a set consisting of products of the form, 

B 4i (vj, + t/ 2 , v, + «/,) . E« («i — t/j , % — v\) ; 
the remaining sets would have different suffixes for each H . 

All of the theorems which have been here set down for the double 
E-functions are, as has been already remarked, capable of immediate generali- 
zation to the case of the p- tuple functions. An alteration of the Z's by an even 
integer produces no change in the function ; an alteration of the X's by an even 
integer gives a formula precisely like that in the case of the S-functions, the 
only difference being that the factor, say ( — ) s , which is introduced, does not 
take merely the values + 1 and — 1, but the values +1, — 1, + e~ T,r , — e - ™ 
where t is an integer. An alteration of I or X by an odd integer interchanges 
the functions (it would be interesting to examine the effect of increasing I or 2, 
or both by a complex quantity ; I shall take this up later). The change of v 
into — v gives for 2 2p functions formulae which are identical with those for the 
theta-functions. For the remaining 2 2p (2 2j> — 1) functions there is a factor under 
the sign of summation which depends for its value upon the value of n, and the 
factor outside the sign of summation is + 1 , — 1 , — e~ r ", + e~ 7ir . 

By increasing the v's by a^, x% . . . x p respectively, we only interchange the 
functions (this of course is the same as increasing the /l's by the same integers) ; 
increasing each v by 2x we multiply the function by ( — ) Sto , a factor which takes 
the values + 1, — 1, — e~ n , -\-e~ 7 "; finally, increasing each v by 4a; we multiply 
the function by ( — ) 25te , so that we have 2 3p functions which are unchanged by 
this alteration of the arguments v and 2 3p (2 p — 1) which are multiplied by a 
factor e~ 71T . 

I shall proceed now to a more particular examination of the E-functions 
for the case p = 1 . There are sixteen functions corresponding to this value of 
p , the characteristics for which are 



40. 



«) (J) (?) (J) 

G) (p (1) G + *') 

(*) \i) (l+») + 

(j.) o +i ) (i + «) (It!) 



Vol. VI. 
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The first line of 40 gives the ordinary theta-functions of one variable corres- 
ponding to the elliptic functions. For the first line we have b = (i = ; for the 
second line 6 = 1, /? = ; for the third line 5 = 0, /3 = 1 ; for the fourth line 
b = /? = 1 ; in each of the four lines a and a take the values and 1. 
The H-function of one variable is denned by the equation 

where I = a + ib and 2, = a -M/3 , a, b, a, (3 taking as above the values and 1 ; 
a is also written instead of a n in order to avoid suffixes. The 16 different 
functions will be denoted by the symbols 

e>l o> 2 ^3 ^4 
£l %Z %3 Zi 

m *i% ns Vi 

£i ^ Kz ^ 
viz., we have, omitting for convenience the argument on the left-hand side, 

3 1 =h(J)w, h = n(l)(v), s, = b(J)(«), 3 4 = h(J)w, 
& = h(*)w, ^ 2 = h(J + ^), & = h(J)(«), ^ = h(1 + *)(«), 

& = S(|>). & = B(J+>). &=B(* + .>), f. = B(}+*) W . 

Writing e a = g and converting the exponentials into circular functions we have 
the known formulae 



3 1= 1 + 2S^q r * cos rnv , ^, = 2^ 

r = l r = 

r — os r = oo 



(2r + l) 2 



2r + l 

4 COS 7tW, 



S 3 = 1 + 2 > (— )*Y cosrTtv, S 4 =2 > (— f +1 g * sin J tto. 

r = l r = 

Making the same substitution in the case of the functions £i, £ 2 . . . f 4 , and 
writing b = 2r we have 

?• z=.O0 

|j= e s / ff* (4ril ~ 1) jcos 7trv(q ri + g -H ) + * sin nrv(q" — <? -rf )£ 
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tto v "X ( 9v J_ 1 / ,-2r+l „.2r-f-l\ 

£ 2 = e-T-^grfr+yjcos =^«w (ff "T" + q ~) 

+ »sm — ^ — nvlq % — q )\ 

£ 3 = e~ ZJL *~ Y^ (— )'g*(**-« { cos Tin; (g rt + gr rt ) + i sin tw» (g ri — gr- rt ) } 



_»(p+p 
&=*e 2 



r = 

J*=O0 



£(_)Y^{cos ?!i±i ^ (^ +<r ^ 

r = 

+ i sin — ^ — 7t« f ^ 2 + <7 a )f 

y = co 

= / t q ri \cosrnv{e ri ' + e~ r, ') — i smrjto(e n — e~ n )\ 



r — 



* = ;£>*+* {cos * + * «,(^'+ «-^-) 

— i sin — ^ — 7tw ( e 2 — e a H 
= Y^ (— )Y 2 { cos r«o (<f * + *-*"*) — i sin mw (e""* — e~ rw ) \ 



r = 



EC 2r4-l / 2 '' + 1 2 '" + 1 \ 

(—ytf <*• + u» ! _ cos £+i ^ ^ e -T— _ e ~— -) 

r = 9r-l-1 / 2r + l 2r + l v "k 

+ i 8in ±+± nv (e-%— + e — T- *) J 
£ = — fo- 2 \ t^yy w*- 1 ^ cos rTTO (e~ 2 ™ + q~ M ) + i sin mv (fr*™ — q~ 2ri ) } 



r = 



nv-c- ■% (8r + l)ir (2r + l)i f f9r-J-1W?> 

f 8 = — fe-T^ e ^i— . g -T- . g r(r + l)j C0S ^ + 1 J^ ( g -(»r + l)T +g -»r + l) < ) 

r=0 

+ i sin (2r + 1)CT (tf-Pr+i)' — g -^+»«)]- 

£ 3 = — »e~T to+1) ^ (— y q Mr>- vyij cos rTtv (e- 2 " + ? - 2H ) 

r =0 + i sin rTiv (e" 2 ™ — q~ 2ri ) } 

^ = e -|^ + 1) ^(_)Y^ + l) e T l2r + 1> g H2r + l) i { cos ?!^ 1 ^( e -.(2r + l)_ e -(2r + l) t -- ) 



r=0 
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The formulae for &, & . . • & may be written in a little different form; 
viz., writing for q its value e a we have 

& = 2e * > 2»(**-.i) cos r ( w + a ) 

r = 

£ 2 = 2e"^^^('-+ 1 > cos ^^-(w + a) 

r=0 

£,= 2e~T (v+1) ^(—ytf»"-»coBr(m> + a) 

r = 

£ 4 = - 26-^ ( " +1) ^(-)Y (r+1) sin^±i(7t V + a) 

r=0 
r=oo 

»7i= 2 > q r * cos r?t (w — i) 

r=0 

r=0 
r=oo 

57 3 = 2 > ( — ) r <f cos r?t(« — i) 

r=oo 
^74= — 2 ^ (-)^i^+i)» gin 2^+1 w(v _ ^ 

r=a> 

_ ir» ^r — ^ 

& = — 2«e ^ 2^ ? i(4r, " 1) cos r(n(v + i) + a) 

r=0 
r=oo 

& = — 2*e * 2^? r(,-+1) cos=^ (ti(v + i) + a) 
£, = - 2^ ( "+ 1) ^ (_)y (*--i)cob r(*(t> + + a) 
£ 4 = 2^ ( " +1, ^(-)Y^«sin^( ?t ( v + *) + a) 



r=0 



The notation of hyperbolic functions might also have been employed for the 
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representation of the functions 77,, v} % . . . £ 4 . The constants derived from these 
functions by placing v = are as follows : 

r=oo r=oo 

4 



<f, 3 2 (0)=22^<7~ 

3 3 (0)= 1 + 2^T(-)y°, 3 4 (0) = o 

r=oo r=oo 

|,(0)= 2^^ (4r, -"cosra, |,(0) = 2^q r < r +» cos^j- 1 a 

6,(0) = 2e"T^(— )'g«**-«cosra, £ 4 (0) = — 2e _ ^^(— )Y (r + 1) sin ^±^ a 

r=ot> r=<» 

m (0) = 2 Y^^ cosh rn »7»(°) = 2^2q i ^ r + 1) ' cosh ^Y^-Tt 

r=0 r=o 

r=oo r=oo 

,7,(0) = 2^2 {—Y<f cosh m ViiP) ~ 2 *53(— ) r ? H2r+1)5 sinh^±i7t 

&(<>)=— 2i]T^^- 1) cosr(7ra + a), ^(o)=-2i^/<' 1 + 1 »cos^±^(m + a) 

r— r— 

f,(0) = — 2ie^ ^ (_yy (**-« cos r(*» + a), 

r=Q r—<a 

&(0) = 2ieT^(_)Y<'+ 1 >sin^±I(™ + a). 

The values of the functions $,, $ 2 , £ 3 and £ 4 for v = give rise (Prof. Cay ley's 
memoir, page 912) to the constants, 



7 #10 „_^|0 7r _„iiO_^iO 
0JO ' #{0 # 2 0> 3 



jfc: 
7/: 



and identically #* + # 2 = 1 . 

These are the ordinary constants of elliptic functions. 
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Similar relations exist for the £ , 57 and £ groups. Taking first the £-groups 
and making » = Owe have 

gl£ x (0) = 1 + 2q cos a + 2q* cos 2a + 2q* cos 3a +...,= J. I( 
ql% 2 (0) — 2qi cos ^ a + 2q\ cos fa + 2q i t cos | a +...,= .zi g , 

e T qi£ 3 (0) = l— 2q cos a + 2q i cos 2a — 2(f cos 3a + . . . , = A s , 

IT 

e T qi^ (0) = — 2q\ sin \ a + 2?f sin | a — 2gV sin f a + . . . , = A 4 . 
If here a is real (and therefore negative), and if we write & = — 2n, the series 
obviously take the same form as those for §•(()); but without making any 
hypothesis as to the value of a if we write 

A 2 A 2 

h = , .. . ,7 > h = 



VAi + Ai' VAi + Ai' 

we find readily the relation ft?-{-h' 2 = 1 , 

that is A\ + At — A\ + J.|, 

or q &(0) + 6>?£ 4 (0) = (^(0) + ^<?£ 4 (0) , 

or ^ £|(0) + «kg(0) = £1(0) + <>£ 4 (0). 

Taking now the jy-groups and making v = and we have 

^(0) = 1 + 2q cosh 71 + 2q i cosh 2n + 2q 9 cosh Sn + . . . , 
>7 2 (0) = 2qi cosh \n-\-2q\ cosh ■§- 7t + 2q™ cosh * 71, 
J7 S (0) = 1 — 2q cosh 71 + 2q i cosh 2jt — 2q 9 cosh 37t, 
^ 4 (0) = i\— 2qi sinh f n + 2^! sinh f 71 — 2qV~ sinh f 71 + . . . \ 
Writing _ ?i(0) , . y/S(0) 

^ W(0) + ? 4 (0) ' 9 - VT/M+ fl(0) ' 
we have <f + </ 2 = 1 , 

or li(0) + r,l(0) = r,i(0) + *,\(0). 

Finally, taking the ^-groups and making «?=0we have 

qi^(0) = 1 + 2q cos (a + ni) + 2q i cos 2 (a + ni) +...,= B x , 
ql% s (0) = 2qk cos \ (a + ni) + 2qi cos f (a + ni) + . . . , = 2? 2 , 

IT 

e T 2?£ 3 (0) =1 — 2^ cos (a + m) + 2g 4 cos 2 (a + 7ti) —...,= B, 
e~* qi£i{0) — — 2qi sin | (a + ni) + 2g* sin f (a + ni) —...,= £ 4 . 
Writin g w— ^ m _ ^ 

we obtain J*» + J"»= 1, 

or S(0) + ^8(0) = a(0) + ^8(0). 



3> 



